Two dimensional steady, laminar and incompressible motion of a micropolar fluid between an impermeable disk and a permeable disk is considered to investigate the influence of the Reynolds number and the micropolar structure on the flow characteristics. The main flow stream is superimposed by constant injection velocity at the porous disk. An extension of Von Karman's similarity transformations is applied to reduce governing partial differential equations (PDEs) to a set of non-linear coupled ordinary differential equations (ODEs) in dimensionless form. An algorithm based on finite difference method is employed to solve these ODEs and Richardson's extrapolation is used to obtain higher order accuracy. The numerical results reflect the expected physical behavior of the flow phenomenon under consideration. The study indicates that the magnitude of shear stress increases strictly and indefinitely at the impermeable disk while it decreases steadily at the permeable disk, by increasing the injection velocity. Moreover, the micropolar fluids reduce the skin friction as compared to the Newtonian fluids. The magnitude of microrotation increases with increasing the magnitude of R and the micropolar parameters. The present results are in excellent comparison with the available literature results.
Introduction
The Navier-Stokes model of classical hydrodynamics is inadequate to describe some modern engineering structures which are often made up of materials possessing an internal structure. Polycrystalline materials, fluids containing additives and the materials with fibrous or coarse grain structure fall in this category. The presence of a small amount of additives in the fluid significantly lower down the skin friction near a rigid body and also the frictional drag is reduced by polymer concentration [1] . The classical continua fail to accurately predict the physical nature of asymmetric deformation of these materials. The theory of micopolar fluids introduced by Eringen [2, 3] is one of the best theories of fluids to describe the deformation of such materials. Polymeric suspensions, biological fluids, liquid crystals with rigid molecules, muddy fluids, and nemotogenic and smectogenic liquid crystals are some examples of such fluids. Physically these fluids may represent the fluids consisting of rigid randomly oriented particles suspended in a viscous medium undergoing both translational and rotational motion. These fluids can support stress moments and body couples and are influenced by the spin inertia. The stress tensor is not symmetric for such fluids. These fluids represent a good mathematical model for many natural and industrial fluids. The applications of these fluids are in blood flow, lubricants, porous media, turbulent shear flows, and flow in capillaries and micro channels. The problem of disk flows has constituted a major field of study in fluid mechanics. These flows have applications in the fields of rotating machinery, computer storage devices, heat and mass exchangers, viscometry, lubrication, crystal growth processes, biomechanics and oceanography. Elcrt [4] proved the theorem of existence and uniqueness for non-rotational fluid motion between fixed porous disks with arbitrary uniform injection or suction. The problem of steady flow of a viscous fluid between two porous disks was studied by Rasmussen [5] in which the fluid motion was symmetrically driven by equal injection or suction at both the disks. Guar et al. [6] solved the problem of temperature distribution and heat transfer for laminar asymmetric flow through two parallel porous disks. The fluid motion was induced due to the different injection/suction velocities at the two disks. The steady flow and heat transfer of a conducting fluid due to the rotation of an infinite, nonconducting, porous disk in the presence of an axial uniform steady magnetic field were studied by Attia [7] considering the ion slip. The fluid motion was subjected to the uniform suction or injection through the surface of the porous disk. The transformed non-linear differential equations were solved numerically using an algorithm based on the finite differences.
The problem of steady incompressible flow of a micropolar fluid between a rotating and a stationary disk was solved numerically by Guram and Anwar [8] . The problem of steady, laminar and incompressible flow of a micropolar fluid due to a rotating disk was investigated by Guram and Anwar [9] . The flow was driven with uniform suction and injection at the surface of the disk. A comparison of the results of micropolar and Newtonian fluids was also given. The numerical simulation of symmetric flow of a micropolar fluid between two porous coaxial disks was considered by Anwar Kamal et al. [10] .
The fluid flow problems between two parallel porous disks have been of great interest due to their applications in the fields of design of thrust bearings, and radial diffusers. In thrust bearings the disks are separated by means of a lubricant injected through the disks. Fluids with polymer additives have been used as improved lubricating oils in modern lubrication technology [11] . It justifies further investigations of the flow properties between the disks. The present work aims at studying the problem of steady, laminar and incompressible flow of a micropolar fluid between two disks with the lower disk impermeable and the upper permeable. The main flow stream is superimposed by constant injection velocity at the upper disk. The governing equations of motion are solved by an algorithm based on finite difference approach. The basic analysis and formulation of the problem are given in Section 2. The Section 3 contains the details of numerical scheme that is used to compute the numerical solutions. The results are presented and discussed in Section 4. Finally, the Section 5 contains the conclusion of our present investigations.
Problem formulation
Consider a steady, laminar and incompressible flow of a micropolar fluid between two parallel disks. The lower disk is taken to be impermeable while the upper one is permeable. Let the flow be driven by a constant pressure gradient with uniform entrance velocity U. We neglect the effects of body forces and body couples. Assuming the flow to be fully developed, we impose on the flow field a constant injection of fluid through the upper disk with uniform velocity V. Under these assumptions, the problem becomes two dimensional and interest lies in the investigation of flow characteristics at any cross section. For the problem under consideration, the suitable coordinate system will be the cylindrical polar coordinate system. Consider two stationary disks of radius R O located in the Z = ÀL and Z = L planes, respectively, and let the centres of the disks coincide with the axis r = 0 as shown in Fig. 1 . The velocity components u and w are taken to be in the direction of r-and zaxes, respectively.
The governing equations of motion for the micropolar fluid given by Eringen [2] are as follows: where V is the fluid velocity vector, t the microrotation, q the density, p the pressure, f and l are body force and body couple per unit mass, respectively, j the microinertia, k, l, a, b, c, j, the material constants (or viscosity coefficients), where dot sig- 
We impose uniform and constant injection/extraction velocity of magnitude 2V at the upper disk assumed to be porous. The factor 2 is used here for simplification in the later manipulation of governing equations [5] . Lower disk is assumed to be non-porous implying imposition of no slip condition on it. The boundary conditions at the lower disk and upper disk may be mathematically expressed as:
wðr; ÀLÞ ¼ 0; wðr; LÞ ¼ 2V;
uðr; ÀLÞ ¼ 0; uðr; LÞ ¼ 0;
/ðr; ÀLÞ ¼ 0; /ðr; LÞ ¼ 0:
We note that the velocity V will be negative if the fluid is injected through the upper disk and positive if it is extracted from it. The microrotation component / has taken to be zero at the two disks as the curl of the velocity field is zero there. In order to obtain the velocity field and the microrotation field for our problem, we have to solve (5)- (8) subject to the appropriate boundary conditions (9) . For this we use the following similarity transformation similar to that of Von Karman [12] .
u ¼ ÀrF 0 ðZÞ; w ¼ 2FðZÞ; / ¼ ÀrGðZÞ ð10Þ
If we use (10) in (8), we see that equation of continuity is identically satisfied and so the velocity components represent the possible fluid motion. Using (10) in (5) and (6) we get, after a little simplification and then eliminating pressure term, the following equation
Again using (10) in (7), we have
Now dimensionless variables may be defined as
Using (14) in (11) and (13), we shall find
and g 00 þ c 2 ðf 00 À 2gÞ À c 3 ðf
where R = qVL/(l + j) is the Reynolds number and c 1 = j/(l + j), c 2 = jL 2 /c, c 3 = qjLV/c are dimensionless micropolar material constants characterizing the vortex viscosity, the spin-gradient viscosity and the micro-inertia density, respectively. Since R is based on V, therefore, R > 0 for suction and R < 0 for injection at the upper disk. For our problem we have considered the case of injection (R < 0) at the upper disk.
Integrating (15) with respect to g we get
where B is constant of integration and is known as pressure constant.
Using (14) in (9) the boundary conditions reduce to f ðÀ1Þ ¼ 0; f ð1Þ ¼ 1;
gðÀ1Þ ¼ 0; gð1Þ ¼ 0:
We have to solve Eqs. (16) and (17) subject to boundary conditions (18) . We note that Eqs. (16) and (17) reduce to the corresponding equation for a Newtonian fluid for vanishing microrotation and j = 0 as given in [5] . This validates our model for the micropolar fluid motion.
Numerical solution
The governing Eqs. (16) and (17) being highly non-linear cannot be solved analytically. We use a finite difference based numerical algorithm to solve this coupled pair of equations. It is better to reduce the order of Eq. (17) by one with the help of the substitution p = f 0 so that the boundary value problem consisting of Eqs. (16) and (17) and the boundary conditions Eq. (18) takes the following form. Solve
subject to the boundary conditions f ðÀ1Þ ¼ 0; f ð1Þ ¼ 1;
For the numerical solution of the above problem we first discretize the domain [À1, 1] uniformly with step h. The solution procedure may be described as follows. The Eq. (19) is integrated using Simpson's rule Gerald [13] with the formula given in
Milne [14] . The Eqs. (20) and (21) 
where h represents the grid length, f n % f(g n ), q n % q(g n ) and g n % g(g n ).
The algebraic system of equations represented by the above equations is solved iteratively by SOR method, Hildebrand [15] , subject to the appropriate boundary conditions (22).
We have used the following solution procedure which is mainly based on the algorithm described in [16] in order to accelerate the iterative procedure, to improve the accuracy of the solution and to have an estimate of local as well as global discretization errors.
For a suitable choice of the values of the grid size h and the relaxation parameter x, an iterative procedure is started with some initial guess for the values of the constant of integration B and the solution vectors q, g and f, where kth iteration performs the following steps:
I. Next approximation for the solution of (23) and (24), q (k+1) and g
, respectively, is generated by SOR method subject to the last four conditions in (22) for the problem discussed. II. New approximation for the solution of (19) 
, is computed by Simpson's rule subject to the first boundary condition given in (22), where q (k+1) is employed for q in (24).
III. q
, g (k+1) and f (k+1) are compared with q
, respectively to test for convergence.
The iterative procedure is stopped if the following criteria are satisfied for three consecutive iterations:
In order to determine the constant of integration B we use hit and trial method by requiring that the computed value of f at the upper boundary g = 1 matches with the given boundary value of f up to a specified tolerance TOL iter .
To increase the order of accuracy, the discrete problem is first solved on a basic grid, say h 2[0,H] for H > 0. A sequence of approximate solutions is then computed on successively refined grids. Let U (h l ) denote the discrete solution corresponding to the step sizes
where U (h l ) stands for either of p and f and {n l } is a sequence of integers associated with the step size sequence {h l } to govern the successive refinement procedure. There are several choices for the sequence {n l } found in the literature. We use the Romberg sequence given below:
S R ¼ f1; 2; 4; 8; 16; 32; 64; 128; 256; 512; 1024g:
On the basis of solutions U (h l ), higher order approximations to the exact solutions can be obtained by the use of Richardson's extrapolation. This process can be carried out using any extrapolation scheme [17] , e.g. polynomial extrapolation (AitkenNeville algorithm) or rational extrapolation (Stoer's algorithm). We use polynomial extrapolation, which can be presented as 
where 0 6 i 6 n lÀ1 N À 1, and l denotes the grid level.
Results and discussion
This section is devoted for the presentation of our findings in tabular and graphical form together with the discussion and their interpretations. As our objective is to develop a better understanding of the effects of micropolar structure of fluids and permeability of one disk on the flow characteristics, we choose to present shear stress and boundary layer thickness at the two disks, and the velocity and microrotation fields across the disks for a range of values of the Reynolds number R and four sets of values of vortex viscosity c 1 , the spin-gradient viscosity c 2 and the micro-inertia density c 3 . The values of the parameters c 1 , c 2 and c 3 have been chosen arbitrarily to investigate their influence on the flow behavior as done customarily in the literature (see [9, 18, 19] ) and are given in Table 1 .
In order to establish the validity of our numerical computations and to improve the order of accuracy of the solutions, numerical results are computed for three grid sizes h = 0.01, 0.005 and 0.0025 and then extrapolated using Richardson's extrapolation. A comparison of the numerical values of streamwise velocity, normal velocity and microrotation for the three grid sizes and their extrapolated values, is given in Tables 2-4, respectively. Excellent comparison validates our numerical computation and the use of extrapolation to improve the accuracy of the results.
First of all, we investigate the effect of Reynolds number R (or equivalently injection velocity at the porous disk) on the shear stresses or the skin friction at the disks. Table 5 , given below, presents numerical values of f 00 (À1) and f 00 (1) which are proportional to the skin friction or shear stress at the lower and upper disks, respectively. We note that for a given value of R, the shear stress exerted by the lower disk (impermeable) is larger in magnitude than that exerted by the upper disk (permeable) and they act in opposite directions. For R = À65, the shear stress at impermeable disk is more than 14 times as high as its value at the permeable disk. As R ? À1, the shear stress at the lower disk asymptotically approaches 1 while that at the upper disk asymptotically approaches 2. This behavior is in line with that given in [21] for Newtonian fluids. These observations lead to the conclusion that in certain engineering applications of the current problem, shear stress on porous/nonporous disk may be adjusted by suitably choosing injection velocity at the porous disk. Now we give graphical presentation of the streamwise and normal velocity profiles and the microrotation across the disks and investigate the influence of the Reynolds number R. The influence of the Reynolds number on the streamwise velocity is presented in Fig. 2 . This figure shows that, for R = 0 (i.e. zero injection velocity), the profile is parabolic and symmetric with respect to the central plane Z = 0. This is the case of well known Couette flow. As the injection velocity is imposed at the upper permeable disk, the profile becomes asymmetric pushed towards the lower disk resulting into increase in boundary layer thickness at the upper disk and decrease in it at the lower disk, and the point of maximum velocity is shifted towards the lower disk. A further increase in R intensifies these effects forcing the bulk flow towards the lower disk so that as R ? À1, boundary layer thickness d at the lower disk asymptotically approaches zero while that at the upper disk approaches 2, the gap between the disks, and the streamwise velocity profile tends to become linear on both sides of the point of maximum velocity. The above described trends of the boundary layer thickness and the point of maximum velocity are supported by the values of d and g max given in Table 5 . It may also be noted from Fig. 2 that the magnitude of maximum streamwise velocity increases with increase in the magnitude of R. changes its concavity. In the upper half the profiles are concave downward where as in the lower half they are concave upward. This change of concavity can be understood in view of the profiles of streamwise velocity shown in Fig. 2 . The first fact to be noted in this regard is that the position of the inflection point in the normal velocity curves is the same as that of the point of maximum velocity in the corresponding streamwise velocity curves. The point of maximum velocity denoted by g max for a considerable range of values of R is shown in Table 5 . The second one to be noted is that on the upper disk side of this position, streamwise velocity gradients are low as compared to those on the other side. These facts indicate that the change of concavity in the normal velocity profile is due to its interaction with the streamwise velocity profile. As the magnitude of R is increased, the curves reflect significant increase in the normal velocity within the region away from the disks for -45 6 R 6 0. However, when R is further decreased, it becomes less influential and the gaps between the curves appear to approach zero as R ? À1.This is because the constraints of zero normal velocity at the lower disk and one at the upper disk do not allow the normal velocity to increase indefinitely as the magnitude of R is increased. The velocity profiles shown in Figs. 2 and 3 compare well with those presented in [21] for Newtonian fluids.
The above discussion on Figs. 2 and 3 helps us in understanding the interaction of streamwise and normal velocity profiles quantitatively as well as qualitatively. The injection velocity at the porous disk may be used to control the shear stresses and the boundary layer thickness at the two disks and the shape of the velocity profile across the disks. Fig. 4 depicts the behavior of the microrotation for different values of the Reynolds number R. As a general trend, the microrotation has opposite signs near the disks with one zero value and two extreme values across the disks. Opposite signs are due to the fact that the shear stresses at the two disks tend to rotate the fluid in opposite directions and the point of zero microrotation marks the position across the disks where the effects of opposite rotation balance each other. When R is zero (i.e. both the disks are impermeable), the point of zero microrotation lies near the central plane Z = 0 and the extreme values are almost equal in magnitude. However, when injection velocity is imposed (i.e. R < 0) at the upper disk assuming it to be porous, the magnitude of the microrotation increases near the permeable disk while it decreases near the impermeable disk, and the points of zero microrotation and extreme values move towards the later disk. The increase in the magnitude of microrotation near porous disk may be attributed to the strong interaction of injected normal velocity and the streamwise velocity. That is why, as the injection velocity is increased in magnitude, the region encompassed by the negative microrotation near the porous disk increases and tends to fill the whole gap between the disks. On the other hand, the region of positive microrotation near the impermeable disk decreases and tends to zero asymptotically as R ? À1. These observations show that the magnitude of the injection velocity has strong influence on the profile of microrotation.
Until now we have studied the effect of the Reynolds number R on the velocity and microrotation fields, boundary layer thickness and the shear stress at the disks. Now we investigate how the micropolar structure of fluids characterized by the vortex viscosity c 1 , the spin-gradient viscosity c 2 and the micro-inertia density c 3 influences these flow characteristics. Four sets of values of the parameters c 1 , c 2 and c 3 have been considered in the present study and are given in Table 1 . Case 1 corresponds to the Newtonian fluids. Table 6 shows shear stresses f 00 (À1) and f 00 (1) at the disks, boundary layer thickness d on the non-porous disk and the magnitude of maximum streamwise velocity u max for all these four cases. We observe that f 00 (À1), f 00 (1) and d decrease while u max increases with the incorporation of micropolar structure into the model for Newtonian fluids and this trend continues as the values of c 1 , c 2 and c 3 are increased. The fact that shear stresses are lower for micropolar fluids than those for Newtonian fluids has also been observed by [18, 19] and reflects reduced effect of the solid boundaries in terms of skin friction on the flow of micropolar fluids because of their additional viscosity coefficients. The behavior of f 00 (À1), f 00 (1), d and u max is mutually consistent as the reduction in shear stresses will decrease the boundary layer thickness d and increase the u max .
Figs. 5-7 show streamwise and normal velocity and microrotation profiles for the sets of values of c 1 , c 2 and c 3 under consideration in the present study when R is fixed at a typical value of À35. A comparison of cases 1 and 2 in Figs. 5 and 6 shows that for small values of c 1 , c 2 and c 3 , there is no significant change in the velocity profiles of the Newtonian and micropolar fluids. This validates our modeling of micropolar fluid flow. However, as the values of c 1 , c 2 and c 3 are increased, streamwise velocity decreases near the permeable disk while it increases near the impermeable disk as may be seen in Fig. 5 . Normal velocity profile shows slight increase throughout the gap between the disks with increase in the values of c 1 , c 2 and c 3 . Fig. 7 shows that for case 1, the microrotation is zero as this case corresponds to the Newtonian fluids. Other cases depict significant effect of c 1 , c 2 and c 3 on the microrotation as compared to their effect on velocity profiles. Because of the fixed value of R, the point of zero microrotation does not change its position with changes in c 1 , c 2 and c 3 . However, the magnitude of microrotation increases considerably on both sides of this point reflecting strong dependence of the microrotation field on the parameters c 1 , c 2 and c 3 .
Another source of validity of our numerical results is Table 7 in which we have compared our computed values of shear stress at the impermeable disk with those given in [20, 21] for R = À5 and À100. Comparison is excellent with our Case 1 results of Newtonian fluids. 
Conclusions
In the present work we have considered the problem of two dimensional steady, laminar and incompressible flow of a micropolar fluid between a porous disk and a non-porous disk. A numerical study is carried out to investigate the effects of the Reynolds number R based on the injection velocity at the porous disk, and micropolar structure characterized by the vortex viscosity c 1 , the spin-gradient viscosity c 2 and the micro-inertia density c 3 , on the shear stress and boundary layer thickness at the disks, the velocity profiles and the microrotation field. We make the following conclusions from our present investigations.
1. The present results are in excellent comparison with the available literature results. 2. The numerical results reflect the expected physical behavior of the flow phenomenon under consideration. 3. The injection velocity at the porous disk may be used as a controlling parameter for the shear stresses and the boundary layer thickness at the disks and the shapes of the velocity and microrotation profiles. 4. The micropolar fluids reduce the skin friction as compared to the Newtonian fluids. 5. The micropolar structure of fluids shows slight effect on the normal velocity profile but has relatively significant influence on the streamwise velocity. 6. Microrotation field exhibits strong dependence on the parameters characterizing micropolar fluids and increases in magnitude as these parameters are increased.
